Curious features of nonlinear
pulse propagation in singlemode optical fibers
By W.J. Tomlinson

ingle-mode optical fibers have been found to be an
almost ideal medium for studying and using nonlin
ear optical phenomena, and such studies have un
covered numerous curious features. Despite steady pro
gress in identifying new curious features, however, the cur
rent number of such features remains roughly constant,
because of steady progress in converting curious features
into simple features.
When we refer to something as curious, we are not real
ly describing the thing itself, but rather our state of knowl
edge or understanding of it (see box). When we feel that
we thoroughly understand something, we frequently refer
to it as being simple. (How often have you heard a speaker
begin a talk by saying "It's really very simple . . . "? And in
textbooks, how often do you find sentences beginning
"Clearly . . . "?)
Thus, one could describe the basic process of most sci
entific research as identifying curious features and then
making them simple. Frequently, the process is cyclical,
because our understanding of the newly simple features
enables us to identify new curious features. In this article, I
will describe a few features of nonlinear pulse propagation
in fibers that I have found to be curious, then try to con
vince the reader that in most cases "It's really very sim
ple."
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Basic phenomena
One feature that I still find curious is the richness of the
observed phenomena that can be accounted for in terms of
the interactions of just two seemingly simple basic phe
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Curious vs. Simple
CURIOUS
. . . Arousing or exciting speculation, interest, or
attention through being inexplicable or highly
unusual . . .

SIMPLE
. . . Easy to understand, deal with, use, etc . . .
Random House Dictionary
of the English Language

nomena: group velocity dispersion (GVD) and self phase
modulation (SPM). I begin by reviewing the characteristics
of these two phenomena, and some of the reasons why
fibers are such an ideal medium for nonlinear studies.
The dispersion of the group velocity causes the pulse to
spread as it propagates down a fiber, because the different
frequency components of a pulse travel at different veloci
ties. For typical single-mode fibers, the G V D passes
through zero at a wavelength of ~1.3 µm and is negative
for longer wavelengths. This makes it possible to study
pulse propagation with either positive (normal) Or nega
tive (anamalous) G V D , but in either case G V D simply
causes the pulse to spread in time. The G V D has no effect
on the spectrum of a pulse. (The G V D is well established
as a basic limit on the information capacity of optical fiber
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communications systems, a n d for this reason m a n y such
systems operate at wavelengths near 1.3 µm.)
Self phase m o d u l a t i o n of a pulse is a consequence of the
intensity dependence of the refractive index of the fiber
(the optical K e r r effect). O n the leading edge of a pulse,

The nonlinear Schrödinger
equation and soliton units

in which u is the (complex) amplitude envelope of the
pulse z is distance along the fiber, and the upper (lower)
sign corresponds to positive (negative) G V D . T h e time
variable M s a retarded time measured in a frame of
reference m o v i n g along the fiber at the group velocity. T h e
first term o n the right hand side of this equation describes
the effects of G V D , and the second term describes the
nonlinearity.
T h e normalized units used in the equation are some
times referred to as soliton units. T h e normalizing fiber
length, z , is defined by:
o

in w h i c h T is the intensity w i d t h ( F W H M ) of the input
pulse and D ( λ ) = λ d n/dλ is the G V D in dimensionless
units. In the absence of other phenomena, a pulse p r o p a 
gating a distance z along a fiber w i l l have its temporal
width approximately doubled as a result of the G V D . A t a
wavelength λ = 6 2 0 n m , c o m m o n l y used in ultrashort
pulse experiments, a 10-psec pulse has z ~ 0.9 k m , and a
100-fsec pulse has z ~ 9 c m . T h e amplitude u is n o r m a l 
ized such that |u| = 1 corresponds to an effective intensity
of
o
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where n is the K e r r coefficient in esu (1.1 x 10
for
silica). Fundamental bright (or dark) solitons have a peak
intensity (or peak intensity dip) of I .
2
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T h e nonlinear coefficient of typical silica fibers is very
small ( 3 x 10
m / W ) , but fibers confine the light to a
small cross-sectional area, over l o n g interaction lengths,
w i t h very l o w losses, thus m a k i n g it possible to observe
and use nonlinear phenomena at lower p o w e r levels than
those required for other materials.
-20

F o r the study of pulse propagation in single-mode
fibers, the scalar wave equation can be reduced to the
nonlinear Schrödinger equation ( N L S E ) , w h i c h in n o r m a l 
ized units can be written as:

2

where its intensity is increasing, the nonlinearity results in
an increasing refractive index. T h i s time-dependent slow
ing of the waves corresponds to a decrease in the optical
frequency—a red shift. O n the trailing edge of a pulse
there is a corresponding increase in the optical frequen
c y — a blue shift. T h u s , S P M broadens the spectrum of a
pulse in a somewhat curious w a y . H o w e v e r , acting by it
self, S P M has n o effect o n the temporal shape of a pulse.
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A n o t h e r very important feature of fibers for the study of
nonlinear phenomena is that the transverse distribution of
the optical field is almost entirely determined by the linear
guiding characteristics of the fiber, and does not change as
a pulse propagates along it. T h u s , theoretical descriptions
of pulse propagation can be reduced to a single spatial
coordinate i.e. plane wave problems.
It is customary to make use of normalized units, some
times referred to as soliton units, for the fiber length and
pulse intensity. In soliton units, the scalar wave equation
c a n be reduced to a f o r m usually referred to as the nonlin
ear Schrödinger equation (NLSE)(see box).

Positive GVD—pulse compression
F o r positive (or normal) G V D , the interaction of G V D
and S P M might seem to be quite simple. T h e G V D w i l l
cause the red-shifted light produced o n the front of the
pulse by S P M to travel faster than the unshifted light at the
center of the pulse. Similarly, the blue-shifted light o n the
back of the pulse w i l l travel more slowly. T h u s , the c o m 
bined effect of positive G V D and S P M is simply to cause
the pulse to spread more rapidly than it w o u l d in the ab
sence of S P M . H o w e v e r , the resulting pulse has a curious
and useful feature—between the red-shifted front edge
and the blue-shifted back edge, the optical frequency var
ies almost linearly in t i m e . Passing this chirped pulse
through a dispersive delay line that delays the red-shifted
edge relative to the blue-shifted edge by approximately the
w i d t h of the expanded pulse, the pulse compresses, and
the compressed pulse can be substantially narrower than
the original input pulse. Such a dispersive delay line can be
made w i t h a pair of diffraction gratings, as illustrated in
Fig. 1. T h i s pulse compression technique has been found
to be useful for a wide variety of pulse widths and intensi
ties. It was used to create the shortest optical pulse yet
reported—6 fsec. (only ~ 3 optical cycles!). In other ex
periments single-stage compressions of as m u c h as 100 x
have been demonstrated.
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Wave breaking
As the pulse compression technique began to be used
for higher and higher compressions, a curious feature was
observed in the spectrum of the compressed pulses. As
shown in Fig. 2, there are small but quite distinct sidelobes
on the spectrum. The basic rectangular shape of the spec
trum, with sharp peaks on either edge, was consistent with
those calculated for lower compressions, but the sidelobes
were unexpected. While the sidelobes could be apertured
out in the compressor and thus did not affect the achiev
able compression, their origin was a puzzle. The answer,
primarily obtained from numerical simulations, is both
curious and simple. The generation of frequency-shifted
light primarily takes place at the regions on the leading
and trailing edges of the pulse where the slope of the inten
sity vs. time is steepest. Farther out on the tails of the
pulse, where the intensity is much lower, S P M has little
effect, and there is negligible frequency shift. As illustrated
in Fig. 3, the GVD-induced spreading of the shifted light
then results in its overtaking the unshifted light in the tails.
This results in interference between the shifted and un
shifted light and gives the interference fringes shown in the
figure.
4

FIGURE 1. Typical experimental arrangement used for
pulse compression.
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In addition to producing fringes in the time domain, the
shifted light and unshifted light interact through the non
inearity to produce light shifted by their difference fre
quency. It is the light that results from this mixing process
that gives the sidelobes in the spectrum. Numerical calcu
lations with sufficient resolution to follow the interference
fringes give results in excellent agreement with experi
ment, indicating that this phenomenon is completely de
FIGURE 2. Experimental spectra of the input and output scribed by the N L S E .
pulses in a pulse compression experiment. The sidelobes
While the details of this overall phenomenon are quite
on the wide output spectrum are a result of optical wave
complex, it can be conceptualized quite simply by analogy
breaking.
with a more familiar phenomenon, the breaking of water
waves. Thus, the curious feature of the sidelobes in the
spectrum is now understood as a simple consequence of
optical wave breaking. The concept of optical wave break
ing has now become simple enough that it is being used as
an aid to understanding new curious features. It has even
been suggested that the wave breaking interference fringes
(which have just recently been observed experimentally
for the first time ) be further simplified by describing them
as "optical foam."
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Negative GVD—bright solitons
FIGURE 3. Schematic plot of the temporal profile of a
pulse exhibiting optical wave breaking.

Let us now consider what happens when the G V D is
negative. In this case, the red-shifted light on the front of
the pulse will have a lower velocity than the unshifted light
at the center, and the blue-shifted light on the back will
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have a higher velocity. A most curious feature of this case
is that, for appropriate pulse shapes and intensities, one
can obtain the simplest possible result—nothing happens.
For a pulse of the form u(t) = sech(t/t ) (in the soliton
units described in the box on page xx), the effects of the
S P M exactly compensate for the pulse-spreading effects of
the G V D , and the pulse propagates without change in
shape or intensity. Such a pulse is commonly referred to
as an optical soliton or as a bright soliton. Pulses that
don't change are a communication system designer's
dream, and soliton propagation has been studied exten
sively for possible applications in long-haul fiber commu
nications systems. Analyses including the effects of fiber
losses and other perturbations have shown that bright so
litons are curiously stable, so stable that it has been sug
gested that "the soliton is the eigenstate of transmission."
In a recent experiment, 55-psec soliton pulses, at a wave
length of =1.5 µm, were transmitted through a total
length of 4000 km of fiber, without any electronic regener
ation, by periodically using Raman gain in the fiber to
compensate for the finite fiber losses.
o
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FIGURE 4. Perspective plot showing calculated pulse in
tensity vs.time,as a function of distance along a fiber.
The input pulse has an antisymmetric dark pulse super
imposed on a Gaussian background pulse 10 X wider
with an effective peak intensity of I.
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Positive GVD—dark solitons
For a dark pulse, consisting of a short dip or decrease in
the intensity of a cw background wave, the S P M will re
sult in a blue shift on the leading edge and a red shift on
the trailing edge. This is the opposite of the situation for a
bright pulse, and thus one might expect dark pulses to
exhibit soliton behavior for positive G V D . The existence
of such dark optical solitons was shown theoretically in
1973, but dark solitons have an additional curious fea
ture that makes them more difficult to observe experimen
tally.
9

The fundamental dark soliton, frequently referred to as
a black soliton, has the form u(t) = tanh(t/t ) (in the soli
ton units described in the box on page xx). This is an anti
symmetric function, with a Πphase jump at its center,
where the intensity dips to zero. There is also a range of
lower-contrast gray solitons, in which the intensity does
not dip to zero, and the phase variation is more gradual,
but they all have antisymmetric phase functions. Pulse
shaping techniques only recently have been developed to
the point that it is possible to generate pulses with the
required phase functions.
o

These pulse shaping techniques, however, produce dark
pulses superimposed on background pulses with widths
only ~ 1 0 x that of the dark pulse, rather than the con
stant cw background assumed in the theory. Since the
background pulse is not a soliton, it will spread and devel
op a chirp as it propagates down the fiber. Thus, the dark
pulse will have a steadily decreasing (and chirped) back10
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FIGURE 5. Experimental (dots) and calculated (solid)
cross-correlation data on the propagation of antisym
metric dark pulses, superimposed onfinite-widthback
ground pulses, in a single-mode optical fiber. Part (A)
shows the input pulse, and parts (B)-(E) show the output
pulses for peak input powers of 1.5 W, 52.5 W, 150 W,
and 300 W, respectively.
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ground. Can dark solitons survive in the uneven light of
the real world? The results of a calculation designed to
answer that question are plotted in Fig. 4 . The figure
shows that even when the background intensity has
dropped to about a third of its original level, the dark
pulse has maintained its contrast and only broadened
slightly. More detailed analysis of these results shows that
the dark soliton evolves adiabatically to maintain its soliton character, despite the rapid evolution of its back
ground. Thus, dark solitons appear to be at least as curi
ously stable as their bright cousins.
1 0

In Fig. 5, we show the results of the first experimental
observation of the fundamental dark soliton, along with
the results of numerical solutions of the N L S E . Note that
at low input intensities the G V D causes the dark pulse to
spread to several times its original width, while at the
higher intensities it maintains its width and contrast.
The applications of dark solitons are less obvious than
for bright solitons, but in several papers at the recent OSA
Annual Meeting (Santa Clara, Oct. 1988) it was shown
that dark solitons are an excellent test of our understand
ing of the effects of stimulated Raman gain on ultrashort
pulses. Note that in Fig. 5e the experimental results are
beginning to show curious asymmetries, which are not
present in the theoretical curve. These differences become
even larger at higher intensities. With newly-developed
techniques for analyzing the effects of Raman gain on ul
trashort pulses, it has been shown that these curious
asymmetries are simply the result of Raman gain.
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There are numerous other curious features of nonlinear
pulse propagation in single-mode fibers that I do not have
space to describe here. However, I hope that this abbrevi
ated survey has given some sense of the challenges, the
opportunities, the fun, and the applications of nonlinear
phenomena in fibers.
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